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Plan for the day
• We will be discussing Box and Jenkin’s ARIMA
family of models.

• Then we will touch on how we use it to evaluate
impulse responses, and use it to forecast and how
we can evaluate the forecasts.

Motivation for ARIMA
• After differencing our typically strongly persistent timeseries (remember – this implicitly assumes a stochastic
trend), we are left with a series that has its timedependence removed to a large degree.
• But in many (even most) cases, the residuals still have strong

persistence embedded in them.

• Thus although the ADF test may be rejected and the
possibility of a second unit root can be eliminated (very few
if any macroeconomic series behave explosively): we might
likely still have strong influences from past behaviour…
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Motivation for controlling persistence
• The momentum or persistence that we see at times in the

residual series of the standard mean model of dlog(Y) tells us
that there are still some remaining serial autocorrelation
in the series…

• We can now control for this by including autoregressive

components, called AR-parameters.

The hope is then that controlling for past dependence –
we will remove any statistically visible patterns in the
residual series prior to forecasting!

Conditions for stationarity
Let:

•

If we assume a zero mean stationary 𝑦𝑡 , the AR(p) can be written as:

𝐿 = 𝑙𝑎𝑔 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟

so that:

𝐿𝑘 𝑦𝑡 = 𝑦𝑡−𝑘

•

𝑃

𝑦𝑡 =  𝜃𝑖 . 𝐿𝑖 (𝑦𝑡 ) + 𝜀𝑡 = 𝜃1 𝑦𝑡−1 + 𝜃2 𝑦𝑡−2 + ⋯ + 𝜀𝑡
𝑖=1

𝑃

𝑦𝑡 −  𝜃𝑖 . 𝐿𝑖 𝑦𝑡 = 𝒚𝒕 (𝟏 − 𝜽𝟏 𝑳𝟏 − 𝜽𝟐 𝑳𝟐 − ⋯ − 𝜽𝑷 𝑳𝑷 ) = 𝜺𝒕
𝑖=1

Now, for the process to be stationary, we need to be able to write:

𝒚𝒕 = 𝟏 − 𝜽𝟏 𝑳𝟏 − 𝜽𝟐 𝑳𝟐 − ⋯ − 𝜽𝑷 𝑳𝑷

−𝟏

𝜺𝒕

This is known as the Wold Decomposition.
[ Note that for stationarity, 𝜽𝒑 → 𝟎 𝒂𝒔 𝑷 → ∞ ]

Conditions for stationarity
•

Now, for the characteristic equation’s optimal solution (setting the FD equal to 0):
1 − 𝜃1 𝑧 1 − 𝜃2 𝑧 2 − ⋯ − 𝜃𝑃 𝑧 𝑃 = 0

•

The values of the 𝒛′ 𝒔 that solve this solution must lie outside the unit circle for
the series to be regarded as stationary:

•

(i.e. |𝑧| > 1)

Thus, if we have an AR(1) series, and the following optimal point is fitted:

𝑦𝑡 = 𝑦𝑡−1 + 𝜀𝑡
•

1 − 𝜃1 𝑧 1 = (1 − 1. 𝑧 1 ) = 0

∴ 𝑧 = 1 , which violates the stationarity

principle, as all solutions must be outside (not on or in the) unit circle: 𝑧 > 1

a formal proof of this result is omitted for brevity

In Eviews:
Non-stationary roots

• Eviews provides us with
the Inverse of the Roots –
which should then of

course lie within the unit
circle

Autoregressive process : Restrictions on 𝛽
•

Thus suppose we have three processes :

•

𝑦𝑡 = 0.03 + 0.58𝑦𝑡−1 + 𝑢𝑡 → 𝑺𝒕𝒂𝒕𝒊𝒐𝒏𝒂𝒓𝒚 𝐴𝑅 − 𝑝𝑟𝑜𝑐𝑒𝑠𝑠

•

𝑦𝑡 = 0.03 + 𝑦𝑡−1 + 𝑢𝑡 → Not−Stationary 𝐴𝑅 − 𝑝𝑟𝑜𝑐𝑒𝑠𝑠 called a Random Walk process
with a drift: (known as a unit root process).

•

𝑦𝑡 = 0.03 + 1.32 𝑦𝑡−1 + 𝑢𝑡 → 𝑬𝒙𝒑𝒍𝒐𝒔𝒊𝒗𝒆 𝐴𝑅 − 𝑝𝑟𝑜𝑐𝑒𝑠𝑠 (not stationary ). This process
makes no practical sense, as previous shocks to the system tends to impact future values
more and more…).

•

This implies it is important to test whether an AR(1)-process has a unit root (i.e. the 𝛽 =
1). Such a series is non-stationary, as the 𝑬(. ) and 𝑽(. ) do not exist!
Conducting formal unit-root tests require a different approach than the standard 𝑡-test.
• This follows as such a time series model does not satisfy the conditions required for
the test (even assymptotically it fails)

•

Characteristics of a stationary AR(P)
•

Consider the following stationary WN AR(1) model:
𝑦𝑡 = 𝜇 + 𝜙1 𝑦𝑡−1 + 𝜀𝑡
𝑤𝑖𝑡ℎ 𝜀𝑡 ~𝑁(0, 𝜎 2 )

•

The unconditional mean (i.e. not conditional on the past) would be:
𝐸 𝑦𝑡 = 𝐸 𝜇 + 𝜙1 𝑦𝑡−1 + 𝜀𝑡 = 𝜇 + 𝐸 𝜙1 𝑦𝑡−1 + 0

𝐸 𝑦𝑡 = 𝜇 + 𝐸 𝜙1 (𝜇 + 𝜙1 𝑦𝑡−2 + 𝜀𝑡−1 ) = 𝜇 + 𝜙1 𝜇 + 𝜙12 𝐸(𝑦𝑡−2 )
𝑁

𝐸 𝑦𝑡 = 𝜇 + 𝜙1 𝜇 + ⋯ + 𝜙1𝑁 𝜇 + 𝜙1 𝐸(𝑦𝑡−𝑁 )
𝑁

𝐸 𝑦𝑡 = 𝜇(1 + 𝜙1 + 𝜙12 … + 𝜙1𝑁 + 𝜙1 𝐸(𝑦𝑡−𝑁 )
𝑁𝑂𝑊: 𝑖𝑓 𝑡ℎ𝑒 𝑚𝑜𝑑𝑒𝑙 𝑖𝑠 𝑠𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑟𝑦 𝑤𝑒 𝑚𝑢𝑠𝑡 ℎ𝑎𝑣𝑒:
𝜙1 < 1 𝐬𝐨 𝐭𝐡𝐚𝐭: 𝜙1𝑁 → 0 𝑎𝑠 𝑁 → ∞ 𝐚𝐧𝐝 𝐭𝐡𝐮𝐬 𝜙1𝑁 𝐸(𝑦𝑡−𝑁 ) → 0
Now, a basic algebra rule is that if 𝑥 < 1, the series: 1 + 𝑥 + 𝑥 2 + 𝑥 3 + ⋯ →
Thus, the unconditional mean of

𝒚𝒕 → 𝑬 𝒚𝒕 = 𝝁/(𝟏 − 𝝓𝟏 )

1
𝑥

Characteristics of a stationary AR(P)
• This can be stated more generally that the
unconditional mean of an AR(p) process is:

𝑬 𝒚𝒕

𝝁
=
𝟏 − 𝝓𝟏 − 𝝓𝟐 … − 𝝓 𝑷

If we assume the mean to be zero (as we can transform the data
to have a zero mean) the unconditional variance of 𝐴𝑅(1) can
be shown to be:

𝜎2
𝑦𝑡 =
1 − 𝜙12

Autocovariances and Autocorrelations
•

Remember that the autocovariance suggests how 𝑦𝑡 varies with its lags. Thus the first
order Autocovariance is given by:

𝛾1 = 𝑐𝑜𝑣(𝑦𝑡 , 𝑦𝑡−1 ) = 𝐸 𝑦𝑡 − 𝐸 𝑦𝑡 [𝑦𝑡−1 − 𝐸 𝑦𝑡−1 ]
Second order Autocovariance:

𝛾2 = 𝑐𝑜𝑣(𝑦𝑡 , 𝑦𝑡−2 ) = 𝐸 𝑦𝑡 − 𝐸 𝑦𝑡 [𝑦𝑡−2 − 𝐸 𝑦𝑡−2 ]
The Autocorrelation is thus a standardised version (between −1 & 1) of the above.
We divide the Autocovariance (𝛾𝑃 ) by the Variance (𝛾0 ):
Fist order Autocorr:

𝜌1 =

𝛾1
𝛾0

, Second order Autocorr: 𝜌2

Kth order Autocorr:

𝜌𝐾 =

𝛾𝐾
𝛾0

=

𝛾2
𝛾0

Autocorrelations of AR(1)
• It can then further be shown that the 𝑘 𝑡ℎ Autocovariance of the AR(1)
model as given previously (with a mean of zero for simplicity) is:
2
𝜎
𝛾𝐾 = 𝜙1𝐾 . (
2)
1 − 𝜙1
Now, recall that the unconditional (full sample) variance ∶ 𝛾0 =

𝜎2
(
)
1−𝜙12

The Autocorrelation is then given by:
1st

order Autocorr:

Kth order Autocorr:

𝜌1 =

𝛾1
𝛾0

𝜌𝐾 =

𝛾𝑘
𝛾0

=

𝜎2
1
𝜙1 . (
)/𝛾0
1−𝜙2
1

= 𝜙11 .

𝜎2
(
)
1−𝜙2
1
𝜎2
(
)
1−𝜙2
1

= 𝝓𝑲
𝟏

From the above, as 0 < 𝜌𝑘 < 1 , it implies that 𝜙𝑘 → 0 𝑎𝑠 𝑘 → ∞

= 𝝓𝟏

Moving Averages
• Suppose we have a series 𝒚𝒕 which seems stationary and has an

unconditional mean of 𝝁.
• It is then often the case that we see (at times) momentum in the

residual series – i.e. a pattern of residuals emerging.
• Left untreated – such periods of residual autocorrelation may

render parameter estimates biased and untrustworthy and may at
times distort the ability of the model to forecast.
• Such residual momentum then also violates the assumption of WN residuals needed
for our model to be useful… How to proceed?

Moving Averages
• Note that controlling for autocorrelation using an autoregressive
(AR) structure – essentially imposes an infinite future impact of

today’s residuals on future values of 𝑌𝑡 (albeit at an exponentially
decreasing rate of importance).

• Moving Averages, on the other hand, allow the impact of a residual
to be limited to, e.g. only the next observation.
• This is, intuitively, more fitting when we know that certain lags
have definitive and contained impacts on contemporaneous values

Moving Averages
• We can then simply define 𝑦𝑡 in terms of its past shocks. An example of
such an extension is adding MA(2) components below:

𝑦𝑡 = 𝜇 + 𝜺𝒕 + 𝜃1 𝜺𝒕−𝟏 + 𝜃2 𝜺𝒕−𝟐
Thus, 𝑦𝑡 = described by a linear combination of past disturbances:

(𝜺𝒕−𝟏 & 𝜺𝒕−𝟐 ), and 𝜺𝒕 only impacts 𝒀𝒕 for two periods…

If we then set: 𝜺𝒕 + 𝜃1 𝜺𝒕−𝟏 + 𝜃2 𝜺𝒕−𝟐 = 𝝀𝒕 And if 𝝀𝒕 ~𝑾𝑵 ∶
our model (𝑦𝑡 = 𝜇 + 𝝀𝒕 ) has been made a Stationary process with WN
residuals 𝝀𝒕
•

This is known as a second order Moving Average, or: MA(2)-model.

[Check for yourself that the MA(Q) model will be stationary now if all past residuals are stationary]

Combining AR and MA: ARIMA(pdq)
• Box & Jenkins then suggested fitting an ARIMA(p,d,q) model in order to

control for serial dependence on the past after fitting an explanatory
mean equation
• This way, we should ideally be left only with White Noise residuals.
• NOTE::
• ARIMA models can be used with other regressors (or fundamental)
models that aim to explain the time-series behaviour.
• In such a model, ARIMA models would be applied to “misbehaving”

residual series of fundamental models that show discernible
patterns remaining in model residuals that cannot be explained by
the included regressors.

ARiMAX
• When we have a structural model, with explanatory variables included in
the mean equation (𝜇): Then we call such a structure an ARIMAX
model.
• For our purposes, we will just refer to all such models as being ARIMA

(i.e. drop the X)

• NOTE: After doing certain basic transformations, high frequency data
especially tends to represent naïve mean models – i.e. series where the
dlog vary almost randomly around a constant mean… making
fundamental analysis extremely difficult.
• Of course, the literature on financial asset prices and currencies display such
inherently unpredictable behaviour at higher frequencies… With the returns
series behaving similar to Random Walk processes.

ARIMAX
• Conceptually,

it

should

be

intuitively

clear

that

the impact on a macroeconomic variable of events which occurred
in earlier periods (e.g., changes in various economic factors that make
up the index of a leading indicator) is often most clearly represented in
the prior history of that variable itself.

• Hence, lagged or contemporaneous values of other macroeconomic
time series may have little to add to a univariate model which has
already fully internalised its history– thus accounting for X in its own
past – by taking the difference.
• Thus X would be most easily picked up if it has a strong

contemporaneous impact on Y not reflected in its past.

ARiMAX
• So does that mean we should throw away X and only
focus on the past of Y?

• Not necessarily…
• If we are interested in establishing causal relationships

over time – we use VARs and VECMs to establish such
relationships.

• If we want to build a model to forecast Y – including a
forecast of X might be very helpful: especially if X can be
forecasted more easily.

Confucious says…

Confusion corner…
• When first confronted with ARIMA theory, it seems
plausible that the following two equations are equal:
𝑌𝑡 = 𝛼 + 𝐴𝑅 1 + 𝑒𝑡
𝑌𝑡 = 𝛼 + 𝐿 𝑌𝑡 + 𝑒𝑡 = 𝛼 + 𝛽. 𝑦𝑡−1 + 𝑒𝑡
Note – they are not the same…

Although the AR(1) term effectively also studies past behaviour
as explaining contemporary levels (similar to a lagged
variable)… It does so for the model’s structure as a whole
The crucial difference is that with an AR-model you are NOT
measuring whether Y follows an AR process, but rather that
the residuals of the model are following an AR process

Re-written
• If we re-write the AR(1) system this may make more sense:
• Remember that any AR model can be rewritten in terms of
auto-regressed residuals:
𝑌𝑡 = 𝛼 + 𝜇𝑡
So that:

𝜇𝑡 = 𝜌𝜇𝑡−1 + 𝑒𝑡

And substituting:

𝑌𝑡 = 𝛼 + 𝜌 𝑦𝑡−1 − 𝛼 + 𝑒𝑡
So that:
𝑌𝑡 = (1 − 𝜌)𝛼 + 𝜌𝑦𝑡−1 + 𝑒𝑡
Which differs from the ordinary Y regressed on Y(-1) ito only the
intercept coefficient (check this in Eviews). They are though, equivalent for
only the AR(1) model…

Including regressors
• When including X, the difference between including an AR term (to
control for residual persistence) and a lag (persistence in the series)

becomes more visible. Consider the ARIMAX model:
AR(1) model:

𝑌𝑡 = 𝛼 + 𝛽𝑋𝑡 + 𝜇𝑡
𝜇𝑡 = 𝛼 + 𝜌𝜇𝑡−1 + 𝑒𝑡

This then becomes:

𝑌𝑡 = 1 − 𝜌 . 𝛼 + 𝜌𝑌𝑡−1 + 𝛽(𝑋𝑡 −𝜌𝑋𝑡−1 ) + 𝑒𝑡
Which clearly is not the same as including a lagged variable of Y. Looking at

the parameters estimated – it is clear that the impact of the past is
accounted for in the entire process (including the lagged variables)

Including MA terms…
MA(1) model:

𝑌𝑡 = 𝛼 + 𝛽𝑋𝑡 + 𝜇𝑡
𝜇𝑡 = 𝑒𝑡 + 𝜃𝑒𝑡−1

Thus:

𝑌𝑡 = 𝛼 + 𝛽𝑋𝑡 + 𝑒𝑡 + 𝜃𝑒𝑡−1

This estimation requires iterative non-linear fitting procedures (i.s.o. OLS), and as such
is more complicated than fitting AR’s.

Here shock-impact differs from AR models, in that they are propagated directly

(appearing on the RHS of the equation), as opposed to indirectly through its influence
on 𝑌𝑡−1 .
Thus an MA-model implies a direct “news” effect on 𝑌𝑡 , which dies away after q-lags.

In contrast, in an AR model the shocks have an infinite impact on 𝑌𝑡 (although it dies
away).
THAT IMPLIES: an AR(P) model can always be rewritten as an MA(∞) model.

Autocorrelation and the ACF
• The simplest way of describing temporal dependence left in the

residuals is by viewing the sample Autocorrelation function (ACF) : 𝜌𝑘
• Plotting the ACF tells us, on average, how much of 𝒆𝒕 is explained by its
kth lag : 𝒆𝒕−𝒌

• A strongly stationary process should have zero dependence on all past
residuals, as it does not exhibit a trend and merely oscillates around a
constant mean. Its ACF should therefore be close to zero at all lags –

which would imply 𝑒𝑡 is not correlated with any of its past errors on
aggregate (which is the definition of stationarity).

Typical ACF Plot
−1

0

Value of 𝜌𝑘

1
1
2
3
4
5
6
7
8
9
10

lags

•

The ACF plots the autocorrelation

coefficients of time lags of the
residuals of the model explaining 𝑦𝑡
(up to 10 in this illustration, normally
about 28).
•

The dotted lines (±2/ 𝑇) provide
critical values for testing independence
at the 5% level for the estimated



In this example, the residuals of 𝒚𝒕 is

sample autocorrelation coefficients 

strongly dependent on its immediate past

so that if it lies within the lines, the

(2 lagged parameter values are significantly

relevant lag may be regarded as

statistically insignificant in

different from 0). This implies the residual series

explaining 𝑒𝑡 (i.e. uncorrelated with

of the model is not approximately WN.

𝑦𝑡 )

Partial Autocorrelation Function (PACF)
• The partial autocorrelation function (PACF) of the residuals is the conditional
autocorrelation between 𝒆𝒕 𝐚𝐧𝐝 𝒆𝒕−𝒉 𝒈𝒊𝒗𝒆𝒏 𝒆𝒕−𝟏 , … , 𝒆𝒕−𝒉+𝟏 , or written
formally:

𝒂𝒉 = 𝒄𝒐𝒓𝒓(𝒆𝒕, 𝒆𝒕−𝒉 |𝒆𝒕 ,…, 𝒆𝒕−𝒉+𝟏 ).
What this implies is very simply that: 𝒂𝒉 → measures the correlation between
the contemporary residuals (𝑒𝑡 ) and the model’s residual 𝐡 − 𝐩𝐞𝐫𝐢𝐨𝐝𝐬 ago:
𝑒𝑡−ℎ , given all information up to that lag (i.e. all info on 𝑦 for all lags < ℎ).
Thus it effectively isolates the correlation between 𝑒𝑡 & 𝑒𝑡−ℎ , after removing the
effects of [ 𝑒𝑡−1 , … , 𝑒𝑡−ℎ+1 ] … Of course, if h = 1 → 𝑨𝑪𝑭 = 𝑷𝑨𝑪𝑭

ACF & PACF : How the Eviews output looks

What is this saying?

Ljung-Box Q-Stat
• Remember: what we are trying to do is verify whether our
model is any good at explaining the past of 𝒚𝒕 by fitting the
model 𝐹(𝑌𝑡 )
• We do this by looking at whether there remains any
persistence in the residual terms. Remember that we need to

be sure that the residuals are white noise, else our estimates
will be biased!!

• If the residual process is White Noise, both
Autocorrelations and Partial Autocorrelations should → 0
(as per definition).

Ljung-Box Q-Stat
• For both these ACF and PACF statistics, the Ljung-Box Q-statistics are
given as a way of testing formally whether a series displays significant
remaining autocorrelation.

• This is often referred to as the Ljung Box Q-stats, and have
𝜒 2 distributions.
• It is normally given next to the correlogram, together with its 𝒑 −
𝒗𝒂𝒍𝒖𝒆𝒔
• The LBQ-stat is calculated as:
𝑛

𝜌𝑘2
𝑇 𝑇+2 
~ 𝜒𝑛2
𝑇−𝑘
𝑘=1

Ljung-Box Q-Stat
The 𝑝 − 𝑣𝑎𝑙𝑢𝑒 is the probability that the null hypothesis of stationarity holds:

𝐻_0: the first k-lags of the cumulative autocorrelation coefficients = 0

This implies: 𝐻0 : 𝜀𝑡 is independently distributed with the past (i.e. no serial
correlation exists with the past)  implying White Noise Stationarity

Thus if 𝒑 < 𝟎. 𝟎𝟓 → we reject (at the 95%-level) the 𝑯𝟎 of no significant
autocorrelation, and hence the series is non-stationary

Note then, that what we seek is low 𝑸 and High 𝒑 − 𝒗𝒂𝒍𝒖𝒆𝒔 for WN.

What’s the previous ACF and PACF saying?
• Consider again the Eviews outputs of the ACF and PACF plots a
few slides back.
• It is suggesting that there is significant serial autocorrelation with
the past, but that the Partial Autocorrelation dies out (or cutsoff) after the first lag.
• Notice that the ACF dies off slower, but gradually…

• What does this imply about the persistence of the residuals?

What’s the previous ACF and PACF saying?
• This probably implies very strong first order persistence (i.e. a unit root, or
close to it, being present), after which the relative strength of longer lags’
persistence is smaller, as suggested by the partial autocorrelation dying out after
the first lag.

• THUS: The significant ACF that is picked up at, say, the fifth lag – is likely picking
up first order correlation with the subsequent lags that only dies out slowly over
time (as a shock today impacts all the future processes, but with less and less
impact), and not specific partial correlation with the fifth lag itself…

Fitting ARIMA models
• In the next subsection we will thus be discussing how to
use the ACF and PACF figures to guide our fitting of
models that seek to control for such serial residual

dependence.

• The example just discussed (cutting off PACF and dying
out ACF): probably suggests an AR process… as AR
models have an infinite (yet shrinking) impact of past
residuals – something that is not reflected in the PACF

Fitting

ARIMA-models

Department of Economics

ARMA models
• If we combine the AR(P) and MA(Q) processes discussed earlier, we get an
ARMA(P,Q) process describing the evolution of a time-series’ non-stationary
(persistent) residual process.

• This can be represented as:
𝑦𝑡 = 𝛼 + 𝛽1 𝑦𝑡−1 +𝛽1 𝑦𝑡−2 + ⋯ + 𝛽1 𝑦𝑡−𝑝 + 𝜖𝑡 + 𝛼1 𝜖𝑡−1 + ⋯ + 𝛼𝑞 𝜖𝑡−𝑞
Or:

𝐴 𝐿 𝑌𝑡 = 𝐵 𝐿 𝜀𝑡

With 𝐴 𝐿 = 1 − 𝛼1 𝐿 − ⋯ 𝛼𝑝 𝐿𝑝

and

𝐿𝑝 𝑌𝑡 = 𝑌𝑡−𝑝

and A&𝐵 → 𝑝𝑎𝑟𝑎𝑚′𝑠

Again, stationarity conditions require the roots of 𝐴 𝐿 𝑎𝑛𝑑 𝐵(𝐿) to lie outside
the unit circle ( 𝑧 > 1)

Box and Jenkins approach
• Box and Jenkins suggest a three step approach to
fitting an ARMA model:

• 1)

Identification

• 2)

Estimation

• 3)

Diagnostic checking

Example of an AR(1) process…
Residual auto-correlation measures:

Geometric
decay

Cut-off at
lag 1
Thus it
probably
requires
an AR(1)
type
model

AR selection
• The previous correlogram we say has an AR-signature, in

that it suggests we include AR terms (PACF cuts off, ACF dies
out slowly).

• Most often this would be associated with a positive ACF
value at lag 1 – implying the series is slightly underdifferenced
(thus the AR term almost acts like a partial difference).
• The fact that ACF doesn’t die out – is signature to AR as well,
as an AR model has an infinite (yet shrinking) impact of past
residuals – something that is not reflected in the PACF!

MA Selection
• Note that in theory we could just keep adding AR terms until the residuals
behave well. This is bad econometrics though…
• A better alternative might be to add MA terms: here we look at the PACF,
which plays the same role as ACF for AR’s.
• MA-terms imply the direct impact of past residuals on the
contemporaneous model: and note the PACF suggests the direct
impact of a residual (or shock) at a lag k, directly attributed to the residual.
• Typically, MA signature data have a negative ACF at the first lag…
implying MA’s are most needed in slightly overdifferenced series.
• And / or it has an ACF cut-off point – suggesting the amount of MA

terms to be included

1) Identification: Visual indication of the lags
• How do go about deciding how many lags (for 𝑃 and
𝑄) to include in order to fit the most parsimonious
ARMA model?
• We can employ a visual analysis of the ACF and PACF
plots – noting the following:
Series

ACF Plot

PACF Plot

AR(P)

Decays slowly to zero

Cuts-off after lag P

MA(Q)

Cuts-off after lag Q

Decays slowly to zero

ARMA(P,Q)

Decays to zero

Decays to zero.

•

Note: If ACF cuts-off: it implies that the residuals do not have a slowly decaying nature as
would be suggested by the design of an AR model – where residual impacts die over time.

2)

Estimation

• This step involves estimating the values for the parameters fitted by
the model. Once fitted, the modeller should check for stationarity in
the roots of the model and for serial correlation in the remaining
residuals.
• As ARMA models employ Maximum Likelihood Estimation (MLE)

techniques if it has a MA component, it can be a laboriously arbitrary
exercise of choosing the lags which maximize the MLE function.
• For this reason, we use (in addition to the visual techniques which

provide an indication of which lags to use as a starting point) certain
selection criteria to evaluate the goodness of fit and compare
different models’ explanatory power…

The constant?
• The constant represents the mean of the series if no differencing is

performed, it represents the average trend in the series if one order
of differencing is used, and it represents that average trend-in-thetrend (i.e., curvature) if there are two orders of differencing.
• Thus in a model with one order of differencing (e.g. Dlog’d data), the
constant may or may not be included, depending on whether we do or
do not want to allow for an average trend over time.

• As a rule of thumb: In a model with one order of total

differencing, a constant term should be included if the series
has a non-zero average trend.

HOW DO WE PROCEED in selection?!
• Care must be taken when fitting ARIMA models.
• In particular, the coefficients AR & MA can cancel out each-others’
effects – even if they are significant {this can be shown by e.g.
comparing an ARIMA(1,1,2) and ARIMA(0,1,1)}.

• Also NB: ARIMA models cannot be identified in backwardstepwise fashion as OLS models can. Instead, it requires
“forward”estimation – adding terms and comparing fits.
• Remember too: σ 𝐴𝑅 𝑡𝑒𝑟𝑚𝑠 < 1 → else it shows a unit root.
• This also applies to the MA parameters…

3)

Diagnostic Checking

• The information criteria discussed below provides an objective
indication of the best model fitted – as opposed to the subjective visual

indication of the ACF and PACFs.
• Three most popular information criteria used to compare models with
different lags include:
𝐴𝑘𝑎𝑖𝑘𝑒 𝑖𝑛𝑓𝑜 𝑐𝑟𝑖𝑡𝑒𝑟𝑖𝑜𝑛 − 𝐴𝐼𝐶 𝑝, 𝑞 = ln

𝜎ො 2

𝑝, 𝑞

𝑆𝑐ℎ𝑤𝑎𝑟𝑧 𝑐𝑟𝑖𝑡𝑒𝑟𝑖𝑜𝑛 − 𝑆𝐵𝐼𝐶 𝑝, 𝑞 = ln 𝜎ො 2 𝑝, 𝑞

𝐻𝑎𝑛𝑎 𝑄𝑢𝑖𝑛 − 𝐻𝑄𝐼𝐶 𝑝, 𝑞 = ln 𝜎ො 2 𝑝, 𝑞

+

+

2
+ 𝑝+𝑞+1
𝑇

ln 𝑇
(𝑝 + 𝑞 + 1)
𝑇

ln ln 𝑇
𝑇

2. (𝑝 + 𝑞 + 1)

Using the diagnostic checks
• Ideally, we want the criteria (AIC, SBIC, HQIC) to be as small as possible

i.e. AIC, SBIC, HQIC → −∞
• Comparing two models, A and B, with A’s AIC = -3.2 and B’s AIC = -2.9  we
should choose model A on the basis of this specification of the goodness-of-fit.
• These measures punish the modeller for adding regressors with no significant
explanatory power, with the SBC giving a higher cost (i.t.o. higher SBC value)
for adding redundant variables to the model.
• Although used together and mostly providing the same conclusions → SBC is

asymptotically consistent (with AIC more biased toward over-parameterized),
while AIC performs better on smaller samples.

ARIMA modelling: Steps summary
• If a series is integrated to the first order (i.e. has a unit root) – then
remember from the last session that we need to take a FD to
remove the near perfect persistence before we can do anything else.
• We then fit an explanatory model 𝝁𝒕
• Then we should check the ACFs and PACFs for any remaining
serial correlation in the residual series…
• If it is found, fit an ARMA(𝑃, 𝑄) model in forward estimation to

control for such remaining persistence, until we are left with residuals
that are approximately White Noise Stationary.
• Such a model would then be called an 𝑨𝑹𝑰𝑴𝑨𝑿(𝑃, 1, 𝑄)

Accuracy of ARMA models
• For many time series models, fitting an ARMA process results in accurate fits
of past values and provides relatively good future forecasts (especially for
high frequency data and short forecast periods).
• However, only using the past values of a time series would be an incredibly
inaccurate exercise, void of explanatory power to the modeller (as
occurrences outside the historic framework cannot be predicted).
• Black Swan events (especially in finance) are not picked up by models
based solely on historic data.

• Hence the need to include other variables in the model to better explain our
target time series’ behaviour over time.
• This will be returned to in our VAR analyses…

Example in Eviews of ARIMA(2,1,1)

Checking whether our model is stable
• Remember from the last session that in order for an autoregressive

process (and in this case, having potentially both AR and MA terms) to
be regarded as stationary (note that it does not imply that the series 𝑦𝑡
is necessarily made stationary, rather this is referring to the model
describing it being a stationary process…)– the roots of the system
must lie outside the unit circle.

• Eviews allows us to easily check whether the roots of the system lie
outside the unit circle… But it tests for the inverse roots lying

inside the unit circle (easier to assess visually).
Note that this implies the same thing mathematically:
𝑋>1

↔ 𝑋 −1 < 1

Checking stationarity of ARIMA(2,1,2)
model…
• Select: View – ARMA structure to get the
following:
REMEMBER:
The roots of the solution must
lie outside the unit circle for

stationarity…
Which implies the INVERSE
of the roots must lie within

the unit circle…
From the figure on the left, the

model is stationary

Non-stationary roots

•

Notice that one of the roots
lies on the unit circle (all
should lie within for
stationarity). This implies
that the process probably
has a unit root and perhaps
requires a FD.

•

Go do an ADF to test for

this formally…

• Notice that we could also choose to view the
result in table form, providing a straight forward
interpretation from it:

SARIMA
• Another add-on to our model
could be a seasonal dummy

SAR(p) – which implies
controlling for a 𝑝𝑡ℎ order
systematic seasonal correlation –

which could e.g. be controlling
for a twelve month correlation
(year on year factors if data =

monthly), or 𝑝 = 5 could control
for weekly repetitions.

SARIMA
• A seasonal factor could also be included for the
MA term – SMA.

• In terms of the lag operators this can be written
as:

• SARIMA(2,1,0,12,0)
1 − 𝜌1 𝐿 − 𝜌2 𝐿2 1 − 𝜃𝐿12 𝑢𝑡 = 𝜀𝑡

For a SARIMA(2,1,0,12,4):
1 − 𝜌1 𝐿 − 𝜌2 𝐿2 1 − 𝜃𝐿12 𝑢𝑡 = 1 − 𝜃𝐿4 𝜀𝑡

Why the low 𝑅2 with ARIMA models?
•

Why in time-series is the 𝑅2 so low? And why do we care less about it than with
cross-sectional regressions?

•

This follows, as we often model differenced (e.g. dlog) dependent variables in
our time-series regressions. By definition, this implies that much of what is
explainable has been removed, and a large component of what remains is noise.

•

Thus, although AR and MA terms might be strongly significant – much of the
period to period variations are unpredictable, hence the low 𝑅2 (and hence it
not being that important).

•

Explaining levels with auto-lags of the same series would then, mostly, yield a
higher 𝑅2 - as explaining levels as opposed to incremental changes is typically
more achievable with macroeconomic data.

Testing for remaining serial correlation
• How do we now know that all possible serial correlation with the
past is effectively controlled for by our model?

• Graphically: View the correlogram and check that the residuals all
lie within the dotted lines and that the Ljung Box 𝑄 − 𝑠𝑡𝑎𝑡 ′ 𝑠 𝑝 −

𝑣𝑎𝑙𝑢𝑒𝑠 suggest that there remains no significant correlation.

• A more formal way would be to conduct a Breusch-Godfrey LMtest to check whether there remains any remaining serial
correlation in the residual series of our estimated model…

LM test

•

The Breusch Godfrey LM test in this example suggests that there remains significant serial
autocorrelation in the series (𝑝 < 0.05)

•

Specifically this suggests that we need to either include another AR / MA term, or another
variable to help explain past innovations of 𝑦𝑡 .

•

If, however, the LM test shows a joint F distr with 𝑝 > 0.05 − It implies that there are
no serial correlation remaining.

Impulse responses of the series
• Eviews also allows us to view the predicted
impulse responses of the model to shocks.

• Thus we can estimate, e.g., the accumulated
response of the model to a one standarddeviation (𝜎) shock to the system.
• Seeing how it impacts future values of the series is useful
in deducing how a large shock would impact the system.

Impulse responses of the series
•

We can check the impulse response function of the ARIMA model by selecting:

View – ARMA structure – Impulse Response.
•

Suppose we test for the impact of a one standard deviation shock. The impulse
response function looks as follows:

The blue line is the expected impulse
response for 24 lags, while the red line
is the confidence interval (+/− 2 S.E.).
The impulse response is the impact of
the shock on future values, while the
accumulated response is the total
response to the system following a 𝜎 −
𝑠ℎ𝑜𝑐𝑘 at time 𝑡

Forecasting with our ARIMA model…

• Remember from our stated objectives for timeseries analysis that we intend to use our model to
describe the past (and uncover useful
relationships), and then [very important for
practical purpose] use the model to forecast the

future.

Forecasting
• Broadly, forecasting can be based either on quantitative or qualitative
features.
• Qualitative approaches include looking at typical movements (e.g. subjective
measures like trough and peak predictions, typical or similar product life

cycles, the Delphi method, experience, intuition, etc.).

• Our main interest for this course lies in the quantitative approach – which
seeks to find a statistical means of forecasting (used in motivating our
qualitative premise for forecast evaluation).

Forecasting
•

Qualitative forecasting can be split between univariate forecasting models,
which predict based solely on past values of the time series of interest (i.e.
using an autoregressive approach) and causal forecasting models, which
include other explanatory series to explain the relationship of the variable of
interest.

•

There are no clear consensus as to which of the methods report the most
accurate results ex-ante. A combination of quantitative and qualitative
methods are of course ideal, but where should the emphasis lie?

•

It also depends on the frequency and forecasting time frame. In particular, for
shorter forecasting periods univariate models can be regarded as more
accurate (most of the time at least).

Forecasting
• After deciding on the model(s) used to forecast a time
series, we can proceed to make both point estimates and
prediction interval forecasts.

• At times, due to the inherently unpredictable nature of a
series being forecast, making point estimate forecasts are

of little value – hence the interval that the variable’s values
might likely be in is of most interest (as an example –are we
more interested in the inflation band [say 5-6.5% for next

year] that the SARB forecasts, than in their point forecast of
6.32% inflation for next year)?

Forecasting using Iteration
•

There are various methods used by time series econometricians in order to forecast
time series data. The most intuitive method is using the process of iteration.

•

This involves fitting a model describing 𝑦𝑡 using past data, and then forecasting Kperiods ahead, each time using the previous forecasted data point.

•

E.g., forecasting 2 periods ahead using iteration, if a function f(.) explains 𝑦𝑡 :

𝑦
ෟ
𝑡+1 ≈ 𝑓(𝑦𝑡 )

𝑦
ෟ
𝑦𝑡+1 )
𝑡+2 ≈ 𝑓(ෟ
𝑦
ෟ
𝑦𝑡+2 )
𝑡+3 ≈ 𝑓(ෟ

It is clear then that if 𝑦𝑡 is known at time (t),
forecasting ahead becomes less accurate each
period, as the subsequent forecasts all use
estimated (not true) values of 𝑦𝑡 . [And thus
includes the sum of all previous error terms]
Also, if f(.) is a function which includes other
variables, it adds to the uncertainty as their
values ALSO need to be approximated!

Evaluating forecasting performance
• Since we cannot observe forecasted values in the future at the current period
(we only know whether our forecasts were accurate ex post which is hardly
ever looked back on!?), how can we evaluate the accuracy of our model in

forecasting future values at the current date to motivate the use of our model
in forecasting to the future?

• The easiest way we can evaluate a model’s forecasting performance is by
comparing our model forecast to historic data, fitting our models in previous
time periods as if we were at such a historic period, and forecasting ahead as

normal. This allows us to check the robustness of our model’s forecast ability,
by comparing the estimate to the true past outcome that we know.

Evaluating forecasting performance
• The method of using historic data to test the predictability
of our model is called in-sample testing.

• Of course, we would hope that there is no clear pattern in
the errors, as this would contradict our assumption of only
an irregular component remaining in our transformed data
series (or stationary process with WN errors)
• Note that there is also no way to know whether a good insample forecast performance will lead to a good out-ofsample performance…

Evaluating forecasting performance
• Our in-sample test would then provide us with an error:

𝜀𝑡+ℎ = 𝑌𝑡+ℎ − 𝑌
𝑡+ℎ = 𝑓𝑜𝑟𝑒𝑐𝑎𝑠𝑡 𝑒𝑟𝑟𝑜r

• Graphing the error terms should give us an indication of whether
there is still a trend / seasonal component present in the series,

which we should then take into account before making any
formal forecasts on it!
• NB to note → even if all the measurable components are accounted for
and only the irregular pattern remain, the irregular component might still
be incredibly large so that accurate forecasting is not at all possible.

• Are financial asset pricing such an example?

Forecasting with our ARIMA model
•

Let’s consider two ways of conducting a forecast:
•

Dynamic Forecasts: Starts from the first date in the forecast period (2010) and forecasts

to the last 2014 . Here we use previously forecasted values of 𝑦𝑡 and forward estimates of
𝑥𝑡 as inputs to the model (the iteration procedure).
•

Static Forecasts: Calculates a sequence of one-step ahead forecasts using the actual (not

forecasted) values for the lagged dependent variables (i.e. the true previous period values:
𝑦𝑡−1 and 𝑥𝑡−1 as inputs to the model describing y𝑡 for each period)– thus no iteration. This
process checks the immediate forecasts of the series.

•

It is therefore glaringly obvious that our static forecasts will be “more accurate” (as the model
corrects its past mistakes and using updated data, while a dynamic forecast works with its
errors).

•

Depending on what is forecasted, what is tested (forecastability or one-period ahead precision)
and for how far into the future, the choice between Dynamic and Static is made.

Let’s consider the difference
•

Suppose we study South Africa’s imports, and decide to fit an ARIMAX
model to explain the past.

•

We thus take the log of Imports (we should of course really include
several explanatory factors as well) and then decide to include interest
rates as explanatory factors, and then fit an ARIMA(2,1,0) to control
for remaining serial dependence on past residuals.

•

We then seek to evaluate its forecasting ability by testing it in-sample
(for the unfortunate period of 2008q1 – 2013q1) by assuming that
interest rates stay the same for the forecast period when using the
dynamic forecasts.

Let’s look at the results…

Dynamic
•

•
•

Consider a
Dynamic Forecast
performance of an
in-sample test of the
Imports in SA for the
period: 2008q1 –
2013q1.

Forecast: Red-line
True outcome:
Blue Line
• (Notice that the
model did not pick
up the recession in
2008 – 2009 for
obvious reasons)

Static
• The static
forecast picked
it up (with a lag),
because the
inputs of the

series (the lags of
IM and 𝑖) are
updated each

period – whereas
the inputs to a
dynamic forecast

are not.

• We can also view the
residuals of the in-

sample forecast to see
whether there were any
biases in our
estimates…

A more formal evaluation required…
• Now, the graphs on the previous slides are good
at giving us a first impression of the model’s

forecasting abilities.
• However we need a more concrete statistical
indication of the predictive ability of our model in
order to assess whether it would be useful in
forecasting.
• We use several measures including…

Prediction accuracy measures

𝜀𝑡+ℎ = 𝑌𝑡+ℎ − 𝑌
𝑡+ℎ = 𝑓𝑜𝑟𝑒𝑐𝑎𝑠𝑡 𝑒𝑟𝑟𝑜r
• We can use the MSE:
𝑇

1
𝑀𝑆𝐸 =
 𝑦𝑡+ℎ − 𝑓𝑡,ℎ
𝑇 − 𝑇1 − 1

2

𝑇1

• With: 𝑡 = 𝑇1 → 𝑇 (with T=total sample=in+out of sample, T_1=first obs in insample)
• In-sample: 𝑇 − (𝑇1 − 1).
• A series with: ℎ − 𝑠𝑡𝑒𝑝 ahead forecasts.
• 𝑓𝑡,𝑠 → Forecast of 𝑦𝑡+𝑠 at time 𝑡.

Prediction accuracy measures

𝑇

1
𝑀𝐴𝐸 =
 |𝑦𝑡+ℎ − 𝑓𝑡,ℎ |
𝑇 − 𝑇1 − 1
𝑇1

𝑇

𝑦𝑡+ℎ − 𝑓𝑡,ℎ
100
𝑀𝐴𝑃𝐸 =

𝑇 − 𝑇1 − 1
𝑦𝑡+ℎ
𝑇1

MAPE:
Interpreted
as % error

A more formal evaluation given…
• MSE is normally used in
this regard, as it penalizes

for large errors
disproportionally more
heavily than small errors.
• MAE, however, penalizes
large errors proportionally
equally to smaller errors
• We want both to be as
small as possible…

A more formal evaluation given…
•

The Bias Proportion measures the
extent to which the mean o/t
forecast differs from that of the

actual series.
•

Variance Proportion:
∆ btwn Forecast variance & actual

variance
•

𝑪𝒐𝒗𝒂𝒓𝒊𝒂𝒏𝒄𝒆 𝑷𝒓𝒐𝒑𝒐𝒓𝒕𝒊𝒐𝒏:
Whether there are any remaining
irregular part in the forecast errors
(which we hope to be larger than
variance proportion – so that most
of the variance is attributable to

irregular movements and not a bias)

Diebold-Mariano test
• In the tutorial solution, we will discuss in more depth how
to use this test in evaluating the forecast performance of a
pair of models.

Density forecast testing.
• In order for us to compare the true accuracy of forecasting models,
we need to consider more than just the point estimate.
•

This follows as we are essentially more interested in the distribution around the
mean forecast (i.e. the confidence bands around our forecasts).

• This requires, however, Bayesian techniques that allow us to calculate
the density forecast estimates – which gives distributional forecasts

from which we can construct likelihood intervals of forecasts.

• Although it remains outside the scope of this course, interested
readers can check out our paper on using density forecasts:
https://www.sciencedirect.com/science/article/abs/pii/S1062940817300414

END

